A posteriori estimation of the numerical error sensitivity to the local truncation error is addressed using adjoint model endowed with the information on the error field. The numerical error is estimated from the 9 solution of the linear tangent model (LTM) or from a Richardson extrapolation. The local truncation error used in the LTM is obtained by the action of a high-order finite-difference stencil on the field computed 11 by the main (low-order accuracy) algorithm.
INTRODUCTION
At present, there is a body of publications addressing the a posteriori estimation of the error of 15 certain important functionals using adjoint equations (see for instance, [1] [2] [3] [4] ). The adjoint approach provides a fast method for calculation of both the variation of the functional and its sensitivity to 17 errors of different origin including the truncation error. However, the error of practically important functional (pointwise parameters at important locations, integral values, such as drag, lift, average 19 temperature, etc.) provides only a part of information regarding the error of total solution. The global information regarding solution quality is presented by norms of the solution error (perturbation). 21
From the perspective of estimation of the total solution quality, the methods for the estimation of error norms and their sensitivities using adjoint equations are of a significant interest. However, 23 the adjoint equations are only seldom used for the estimation of the error norm and the authors are aware of only several works addressing this topic [5] [6] [7] and limited to some particular cases 25 for elliptic equations. In the present work we consider the sensitivity of norms of the solution perturbation to a 1 source-like disturbing term. The emphasis is placed on the sensitivity of norms of the numerical error to a local truncation error in application to a finite-difference solution. A special adjoint 3 model endowed by information on the numerical error field is considered. The numerical error is calculated using linear tangent model (LTM) (loaded by the truncation error, i.e. the truncation 5 error is a source in LTM) or by Richardson extrapolation and provides the information necessary for solving this adjoint problem. The estimation of truncation error is obtained using the action of a 7 high-order accuracy finite-difference stencil on a previously computed field. The resulting adjoint state provides the global sensitivity of the numerical error norm to the local truncation error, which 9 constitutes the main feature of the present approach that distinguishes it from other contributions However, it is not adopted for the present paper purposes such as the search of sensitivity or the minimization of error norm. 21
ALGORITHM OUTLINE
Let us briefly consider a formal scheme of the adjoint-based a posteriori estimation of the error 23 norm sensitivity. Let the problem of interest (forward one) be governed by the equations
HereT ∈ H k (Q) is an exact solution of (1), B is a linear differential operator. Herein we imply k = 1, 2, which corresponds to most CFD problems and n 2.
, assumed to possess the following 29 continuous Gateaux differential:
Consider now the forward problem perturbed by some source term s T and some boundary term s e. 33
The Gateaux differential of the forward problem assumes the form 1
It represents the LTM (formally coinciding with the equations for perturbations, but avoiding 3 assumptions on the smallness of T ). We will use the bilinear identity [11, 12] 
where N * T is an adjoint operator obtained via integration by parts, * are the corresponding 7 boundary terms and is an adjoint variable. We are interested in the computation of a sensitivity of the error norm 9
to perturbations T . 11
Let us introduce the adjoint variables ∈ H 1 (Q) and formulate the Lagrangian, which is based on LTM (4)
On solving the LTM, the norm of the error is equal to above Lagrangian. It may be rewritten using the bilinear identity as
Assuming to be a solution of the following adjoint problem:
we may obtain
If we take e = 0 then
Here, the adjoint variable has the meaning of sensitivity (weight function) of this norm to a perturbation T . This sensitivity is the nonlinear ( = ( T )) analogue of the Green function. 19 If we assume T = 0 and e = 0, we may obtain another form of (9) (ε = −( e, ) L 2 (*Q) ) and the corresponding adjoint problem. This statement is similar to the one used in References for the search of maximally growing initial perturbations and is not considered in the present 1 paper. Herein we consider a special case when T means the truncation error. Let the numerical 3 solution be provided by the following finite-difference equations:
As the result of its solution, we obtain a grid function T h . We assume the existence of a function T ∈ C ∞ (Q) that coincides with the grid function at the nodes (only regular grids are considered). 7
The finite differences in N h T may be expanded using Taylor series (details of which are provided in the following section). Since the grid is arbitrary, we assume that Equation (11) may be replaced by 9
Here T h is a formal truncation error containing an infinite number of terms of Taylor expansion. 11
Equation (12) is the differential approximation of a finite-difference scheme [13, 14] . It is an infinite dimensional analogue of the finite-difference scheme and it may be treated as the disturbed 13 initial equation. The corresponding perturbations (numerical error) T = T −T are governed by the following equations (LTM): 15
Herein, we use the notion of 'differential approximation' of a finite-difference scheme to mean 17 some projection of a discrete (vector) solution back to the infinite-dimensional space. This method consists in some inverse transformation when compared with the standard discretization based on 19 finite differences. Details may be found in [13, 14] . In the following analysis we will consider a finite form of T h using the Lagrange remainder, while in numerical tests we obtain T h by post 21 processing in accordance with [15, 16]. As a result, Equation (10) assumes the form ( T L 2 (Q) ) 2 = Q T h dQ that provides the 23 nonlinear sensitivity of the numerical error to local truncation error.
ESTIMATION OF ERROR NORMS FOR FINITE-DIFFERENCE 25 APPROXIMATION OF HEAT CONDUCTION

Estimation of L 2 norm of error 27
Let us consider a posteriori estimation of the norm of temperature error T L 2 for the finitedifference solution of the unsteady one-dimensional heat conduction equation 29
with initial conditions 31T
5 and boundary conditions 1
Here is thermal diffusion coefficient, = Const,T the temperature (considered here as exact, 3 nonperturbed), x the coordinate, X the thickness, t the time, t f the duration of the process, the spatial domain of calculation,T (t, x) ∈ C ∞ (Q). In this space the problem is well-posed [17]. 5
We illustrate the above-considered technique for a linear problem due to the availability of a well-known analytical solution used in numerical tests. However, this technique is not restricted 7 to linear problems and may be applied in vicinity of any solution of a nonlinear forward problem, provided that the corresponding Gateaux differential exists. 9
Consider a finite-difference approximation of Equation (14) of first-order accuracy in time and second-order accuracy in space: 11
Here T n k is the solution of the finite-difference equation, is the time step and h is the spatial 13 step size. Herein we assume that there exists a smooth function T (t, x) that coincides with T n k at all grid points [13] . Let us expand the function at nodes
Taylor series over and h and substitute it into (17). Then the following equation may be stated with T h denoting the Taylor series residual as 17
Since the grid is not specified, this form is considered to be general. So, according to [13, 14] , 19 the numerical solution of Equation (17) is considered to be equivalent to solving the perturbed equation (18) . On the specified grid the source term T h means the local truncation error that can 21 be calculated using a differential approximation of the finite-difference scheme [13, 14] or by the special postprocessor [2, 15, 16]. For the considered finite-difference scheme, the corresponding 23 terms may be represented as the remainder in the Lagrange form:
25
The transfer of error T (T =T + T ) is determined by LTM
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and boundary conditions 3
The norm of error
Let us now introduce a Lagrangian comprised of the estimated value (23) and the weak statement 7 of LTM (20), which is equal to the norm of error on the solution of the LTM
Using integration by parts
we obtain the following adjoint problem (in deviation from the standard techniques [12] , we do not differentiate the goal functional that is essential for derivations of the following subsection): 11
Initial condition: 13
and boundary conditions: 15
This problem is solved in the reverse time direction starting from t f . By solving this problem 17 along with Equations (20)- (22), the norm of error may be expressed as:
Certainly, if the truncation error (residual) T h is known, one may compute directly the norm of the error by solving Equations (20)-(22). However, the adjoint-based estimation enables the 21 7 determination of sensitivity of this norm to a local truncation error that may be useful for adaptive 1 mesh refinement in problems similar to that considered in [4]. Thus, for sensitivity estimation we need to carry out three calculations: forward model (14) , LTM (20), and adjoint model (25). This 3 configuration is more unfavorable when compared with Inverse Problems that usually require only calculation of the forward and adjoint models. 5
Estimation of L 1 norm of error
For the estimation of error in L 1 norm, the corresponding expressions assume the form: 7
Numerical error norm
(note that we do not differentiate this functional).
Lagrangian 11
Adjoint equation 13
with initial condition 15
and boundary conditions 17
The norm of the numerical error is: 19
This expression is similar to (28) although a different adjoint temperature is assumed. In general, 21 the norm T L 2 is of greater use; however, T L 1 has some applications that are considered below. simulating the temperature field evolution generated by a pointwise heat source (where t 0 , are 1 the initial time and the coordinate of the point source, respectively)
We use the data f k = T 0 (x k ) calculated by (35) as the initial data when solving the finite-difference Equation (17). The length X of the spatial interval is chosen so as to provide a negligible effect 5 of the boundary condition compared with the effect of approximation error. The round-off errors were estimated by comparing the calculations obtained with single and double precisions, and the 7 difference was found to be negligible. The same implicit finite-difference method (implemented using the Thomas algorithm) of 9 second-order accuracy in space and first-order over time (Equation (17)) was applied to solve the heat transfer equation, the LTM, and the adjoint equation. The spatial grid consisted of 100-1000 11 nodes, the time integration contained 100-10 000 steps. The results obtained are similar within this range of steps. The illustrations, presented herein, have been carried out with 400 spatial nodes 13 and for 400 time steps. Thermal diffusivity was taken as = 2·10 −7 m 2 /s. A fourth-order accurate (for both time and space variables) stencil was used for the estimation 15 of the residual:
Using the same approach as that used for deriving Equation (18) we may obtain
Herein we use the function T from Equation (18) . The substitution of (18) into (37) yields
This expression demonstrates an intuitively transparent result, namely that the residual, engendered by the action of the high-order finite-difference stencil on the solution obtained by the 23 low-order scheme, contains the sum of both schemes' truncation errors. If higher-order terms are neglected, it may be used for the estimation of the truncation error 25
This value is used when Equation (20) is solved to obtain numerical error T , which is, at the 27 next step, used in the adjoint problem (25) for calculating the sensitivity. Solving LTM (20) implies a computational burden caused by coding and debugging an additional 29 problem. As an alternative, the Richardson extrapolation [18] may be used to calculate T . If we have solutions on three different grids (herein, with twofold differences in spatial and temporal 31 steps) and know the orders of convergence (first order in time and second order in space), then
It can be easily obtained that 1
and 3
So we should solve the forward problem (several times) and the adjoint one loaded with the 5 information on T obtained from the Richardson extrapolation. This approach enables one to avoid the coding and debugging of the LTM at the expense of additional runs of the forward 7 problem. with the truncation error T provided in Figure 3 . The distribution of this error along the x coordinate at the final time is presented in Figure 1 . The corresponding adjoint field is displayed 19 in Figure 5 . The results of T L 2 calculation using Equation (20) as compared with the result obtained 21 using the adjoint equation (28) are presented in Tables I and II for different time steps with a fixed space step (400 and 100 nodes over space). The adjoint field presented in Figure 5 may 23 be considered as the sensitivity of this norm to the local truncation error, a result that provides 1 significant additional information when compared with the LTM solution, which provides only field of T and T L 2 , while our approach provides the means to diminish T by affecting T . 3
This provides us with additional options when compared with the pure LTM. are presented in Tables III and IV for different time steps with a fixed space step (400 and 100 1 nodes over space).
The results provided in Tables I-IV demonstrate a 
DISCUSSION 1
The sensitivity of the norm of solution perturbation to local errors of different origin exhibits the same form for a significant number of statements. For example, if an uncertainty is connected with 3 the thermal diffusion coefficient, we obtain the form
This information may serve to guide experiments aimed at estimation of .
For the case of the adaptive mesh refinement we may readily obtain T ; nevertheless, the 7 grid cannot just simply be refined for zones of high T 2 since T is a nonlocal value and is engendered by both the local truncation error T and the transfer of T from other parts of 9 the computational domain. The mesh may however be refined in zones of large | T |, which correctly represents the numerical error transfer. However, due to the nonlinearity of the problem, 11 this mesh adaptation should assume an iterative structure. Additionally, to avoid problems with multidimensional interpolation, we may consider the mesh to be regular at the initial stage and 13 to be regular in a finite number of subdomains after refinement. Adaptive mesh refinement (cubic volumes being divided in smaller cubes) [19] may be considered as an illustration of this approach. 15
The estimations of norms in L 2 and L 1 are very close in form and are practically identical from a computational cost consideration, although the L 2 norm is commonly used due to natural links with 17 the evaluation of dispersion (for example as in (43) solved by a finite-difference discretization. This sensitivity provides the possibility for carrying out adaptive mesh refinement based on the 7 minimization of the numerical error norm.
